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stiffness matrix, and this shift would not allow the damage location
to be determined. However, in the closed-loop plots the impact of
damage is more statisticallysigni� cant, showing that not only is the
stiffness matrix clearly changed, but that it is most likely k3 that is
changed.The test statistic for K11 is small, indicatingno signi� cant
difference in mean values, for both the open-loop and closed-loop
cases, as expected, because damage in k3 does not affect K11 . The
test statistic for K22 and K33 is substantially larger for closed-loop
SMA than for the open-loop case, indicating that the means are
signi� cantly different.

The output feedback results, shown in Fig. 2, are not quite as
distinct as in the full-state feedback case, but it is still clear that
the sensitivity-enhancedcase outperforms the open-loop case. As
before, damage is only discernable in the third diagonal element for
the open-loopplots, whereas, in the closed-loopdata, all three diag-
onal elements are signi� cantly changed, which makes the presence
of damage more easily determined,but still does not permit damage
localization.

The output feedback approach is applicable to more complex
systems; however, ability to determine the location of the damage
will depend heavily on the number and location of sensors.

IV. Conclusions
SMA greatly enhances the shifts in the effective stiffness ma-

trix caused by a small change in the actual stiffness of an individ-
ual spring. It has also been shown that the position output feed-
back case performs nearly as well as the full-state feedback case.
SMA provides a means for designing sensitivity enhancing con-
trollers for use in the identi� cation of stiffness damage in simple
structures.

Acknowledgments
This research is supported by the National Science Foundation

under Grant CMS-9988414and by NASA underNGT5-40088.The
authors are grateful for the support.

References
1Ray, L. R., and Tian,L., “Damage Detection in Smart StructuresThrough

Sensitivity Enhancing Feedback Control,” Journal of Sound and Vibration,
Vol. 227, No. 5, 1999, pp. 987–1002.

2Ray, L. R., Koh, B.-H., and Tian, L., “Damage Detection and Vibration
Control in Smart Plates: Towards MultifunctionalSmart Structures,”Journal
of Intelligent Material Systems and Structures, Vol. 11, No. 9, 2000,
pp. 657–739.

3Solbeck, J. A., Koh, B.-H., and Ray, L. R., “A Comparison of Damage
Detection Methodologies Using Analytic Models and Identi� ed Models,”
Proceedingsof the 43rd AIAA/ASME/ASCE/AHS/ASCStructures,Structural
Dynamics, and Materials Conference, Vol. 4, AIAA, Reston, VA, 2002,
pp. 2717–2727.

4Phan, M. Q., Horta, L. G., Juang, J.-N., and Longman, R. W., “Lin-
ear System Identi� cation via an Asymptotically Stable Observer,” Jour-
nal of Optimization Theory and Applications, Vol. 79, No. 1, 1993,
pp. 59–86.

5Alvin, K. F., and Park, K. C., “Second-Order Structural Identi� cation
Procedure via State-Space-Based System Identi� cation,” AIAA Journal,
Vol. 32, No. 2, 1994, pp. 397–406.

6Nalitolela, N. G., Penny, J. E. T., and Friswell, M. I., “Mass or Stiffness
Addition Technique for Structural Parameter Updating,” InternationalJour-
nal of Analytical and Experimental Modal Analysis, Vol. 7, No. 3, 1992,
pp. 157–168.

7Cha, P. D., and Gu, W., “Model Updating Using an Incomplete Set of
Experimental Modes,” Journal of Sound and Vibration, Vol. 233, No. 4,
2000, pp. 587–600.

8Lew, J.-S., and Juang, J.-N., “Structural Damage Detection Using Virtual
Passive Controllers,” Journal of Guidance, Control, and Dynamics, Vol. 25,
No. 3, 2002, pp. 419–424.

9Juang, J.-N., and Pappas, R. S., “An Eigensystem Realization Algo-
rithm for Model Parameter Identi� cation and Model Reduction,” Journal of
Guidance, Control, and Dynamics, Vol. 8, No. 5, 1985, pp. 620–627.

A. Chattopadhyay
Associate Editor

Thermal Postbuckling
of Uniform Spring-Hinged
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Nomenclature
A = area of cross section
a = lateral displacement at the middle of the column
c = as de� ned in Eq. (41)
E = Young’s modulus
I = area moment of inertia
k1; k2 = stiffnesses of the rotational spring (Fig. 1)
L = length of the column
P = axial compressive load
Pcr = critical load
PNL = postbuckling load
r = radius of gyration
T = temperature
Ta = axial tension developed as a result

of large deformations
Tcr = critical temperature
U = strain energy
u = axial displacement
W = work done by the load P
w = lateral displacement
x = axial coordinate
® = coef� cient of linear thermal expansion
¯1; ¯2 = coef� cients in Eq. (4)
°1; °2 = rotational spring stiffness parameters,

.k1L=E I ; k2 L=E I /

¸ = load parameter, (P L2=E I )
¸cr = critical load parameter, (Pcr L2=E I )
¸NL = postbuckling load parameter, .PNLL2=E I /
¸Ta = axial tension parameter, .Ta L2=E I /

Superscript

. /0 = differentiationwith respect to x

Introduction

I N a recent Note,1 the authors have proposed a simple intuitive
method to predict the thermal postbucklingbehavior of uniform

columns,with axially immovableends,with classicalboundarycon-
ditions like pinned or clamped at the ends. This method, basically,
requires the linear thermal buckling load and the tension developed
in the column caused by large deformations.

In actual practice, the classical boundary condition like pinned
and clamped are dif� cult to realize, and the end conditions will be
somewhere in between the pinned and clamped ones. This situation
can be simply representedby applyingelastic rotationalspringswith
a speci� ed stiffnessand making the lateraldisplacementsat the ends
zero. The limiting cases of pinned and clamped conditions can be
obtained by making the rotational spring stiffness either zero or
very large.
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The postbucklingbehavior of spring-hingedcolumns can be ob-
tained using a powerful numerical method like the � nite element
method.2 But, accurate analyticalsolutionsfor this problemare very
much useful for studying the effects of various parameters involved
with very little computational effort.

In this Note the thermal postbuckling behavior of spring-hinged
(with end elastic restraints and zero lateral displacements) uniform
columns is studied using the simple, intuitive method1 proposed by
the authors, using the method of Elishakoff3 to assume the admis-
sible lateral displacements.

Present Method
The simple, intuitive method1 to predict the thermal postbuck-

ling behavior of columns is brie� y described here for the sake of
completeness and it involves the following two steps:

1) If the column with axially immovable ends is subjected to a
temperature rise T from the stress-free temperature, a mechanical
compressive load P.DAE®T / develops in the column.The column
bucklesat Tcr when the mechanical load becomes the Euler buckling
load Pcr.

2) Any further increase to temperature from Tcr , say, by 1T , the
columnundergoeslateraldeformationwith a speci� c centralde� ec-
tion corresponding to 1T because of the nonlinearity involved in
the strain displacement relations. The 1T can be representedby an
equivalentmechanicalload1P . An axial tensionT a is developedin
the column because of the large deformationsand immovable ends,
and it is numerically equal to 1P . This axial tension contributes to
the postbuckling load PNL and is equal to Pcr C 1P , which can be
expressed as Pcr C T a.

Based on the preceding two steps, we can write in the nondimen-
sional form the postbuckling load parameter ¸NL as

¸NL D ¸cr C ¸Ta (1)

or

¸NL

¸cr
D 1 C

¸Ta

¸cr

(2)

From Eq. (2), it is evident that the ratio of the postbuckling to the
critical load (postbuckling behavior) can be obtained if one knows
¸Ta and ¸cr . ¸Ta can be obtained, followingWoinowsky–Krieger,4 as

¸Ta D
L

2r 2

Z L

0

.w0/2 dx (3)

Any trigonometric or algebraic function that satis� es the boundary
conditionsof the column can be used to compute ¸Ta in Eq. (3), and
¸cr can be evaluated by any analyticalor numericalmethod or taken
from literature.

Finally, it can be emphasized that in the present method to pre-
dict the thermal postbucklingbehavior of columns it is suf� cient if
accurate values (expressions) for ¸Ta and ¸cr are available.

Application to the Spring-Hinged Uniform Columns
Figure 1 shows the uniform column with the lateral displacement

w constrained and having elastic rotational springs of stiffness k1

and k2 at the ends.The column is subjectedto a uniform temperature
rise T from the stress-freestate.As has been alreadymentioned,we
need the values of the thermal linear buckling load and the tension
developed in the column caused by large deformations (¸cr and ¸Ta

in the nondimensional form).
The ¸cr and ¸Ta are evaluatedby assumingsuitablealgebraicfunc-

tions for the lateral displacement w. In the present study a general
two-term algebraic expression for w (which can be reduced to a

Fig. 1 Axially immovable uniform spring-hinged column.

one-term solution by deleting the second term) is assumed as
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Following Elishakoff3 (to satisfy the spring-hinged boundary con-
dition at x D 0 and L ), the boundary conditions to be satis� ed are

w.0/ D 0; w.L/ D 0 (5)

E I w00.0/ ¡ k1w
0.0/ D 0; E I w00.L/ C k2w0.L/ D 0 (6)

Noting that each term in the expressionfor w in Eq. (4) has to satisfy
the boundary conditions given by Eqs. (5) and (6), we obtain
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¶
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where

T1 D .6 C °2/.1 C °1xm / ¡ 3x2
m.12 C 5°1 C 3°2 C °1°2/ C 4x3

m D1

(17)

T2 D .14 C 2°2/.1 C °1xm /

¡ 3x2
m

³
20 C 9°1 C 4°2 C 3

2
°1°2

´
C 5x4

m D1 (18)

T3 D .24 C 3°2/.1 C °1xm /

¡3x2
m.30 C 14°1 C 5°2 C 2°1°2/ C 6x5

m D1 (19)

with xm being the point of maximum de� ection or zero slope,

°1 D
k1 L

E I
; °2 D

k2L

E I
(20)

D1 D 6 C 2°1 C 2°2 C °1°2

2
(21)

The linear critical thermal load parameter ¸cr is obtained by using
the classical Rayleigh–Ritz method as

@

@¯1
.U ¡ W / D 0 (22)

@

@¯2
.U ¡ W / D 0 (23)

where the strain energy U and the work done W are given by
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Solving the resulting linear simultaneous equations in ¯1 and ¯2

obtained from Eqs. (22) and (23), we get the characteristicequation
for the load parameter ¸ as

¸2 Nc ¡ ¸ Nd C Ne D 0 (26)

with

Nc D A4 A5 ¡ A2
6 (27)
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The expressions for A1 ¡ A6; C1; C2 are
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¸cr can be obtained by solving Eq. (26) for the lowest value of ¸ as

¸cr D
Nd ¡

p
Nd2 ¡ 4 Nc Ne
2 Nc

(38)

The axial tension parameter can be calculated by evaluating the
eigenvectorf¯1¯2gT , so that w D a at x D L=2 (as indicatedin Fig. 1)
and using the resulting displacementdistribution for w in Eq. (3).

The axial tension parameter ¸Ta is obtained from Eq. (3) as
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where
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(40)

The expression for ¸NL=¸cr can be obtained from Eq. (2).

Numerical Results and Discussion
Using the formulation presented in the preceding section, the

thermal postbuckling behavior of uniform spring-hinged columns
has been evaluated in terms of ¸cr and c, where

¸NL

¸cr

D 1 C c

³
a

r

´2

(41)

However, beforediscussingthe resultsof the spring-hingedcolumns
the cases of classical boundary conditions like pinned–pinned
columns (for which °1 D °2 D 0/ and clamped–clamped columns
(for which °1; °2 ! 1/ are considered. The postbuckling behav-
ior of these columns using the Rayleigh–Ritz method is obtained
using exact displacement distribution for w, given by Timoshenko
and Gere5 (trigonometric functions), and assuming suitable, com-
patible axial displacementu distributions,and results are presented
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Table 1 Values of ¸cr and c of columns with different classical boundary conditions

¸cr c

Present Finite element Rayleigh–Ritz Present Finite element Rayleigh–Ritz
Boundary conditions method methoda method method methodb method

Pinned–pinned ¼2c 9.8699 ¼2c 0.25c 0.25 0.25d

.°1 D °2 D 0/

Clamped–clamped 4¼2e 39.4985 4¼2e 0.0625e 0.0624 0.0625f

.°1 ! 1 and °2 ! 1/
Pinned–clamped 20.1954g 20.2322 —— 0.1472 0.1480 ——

.°1 D 0 and °2 ! 1/

aCubic displacement distribution for w (eight equal length elements in the column).
bCubic displacement distributions for u and w (eight equal length elements in the column).
cw D a sin ¼x .
dw D a sin ¼x ; u D b sin 2¼x.
ew D a=2[1 ¡ cos 2¼x ].
fw D a=2[1 ¡ cos 2¼x]; u D b sin 4¼x .
gUsing the displacement distribution for w of the present study.

Fig. 2 Variation of C and ¸cr with ° (°1 = °2 = °).

in Table 1. Results through the � nite element method with cubic
displacementdistributionsfor w and u over an element are also pre-
sented in Table 1. Results for the casespinned–pinnedand clamped–
clamped columns,obtainedby the presentmethod with the w distri-
butionsofTimoshenkoandGere5 (trigonometricfunctions),are also
includedin Table1, and they showanexcellentagreementwith those
of the Rayleigh–Ritz and the � nite element methods. The present
results for the case of pinned-clamped column (with °1 D 0 and
°2 ! 1/ are also included in this table along with � nite element re-
sults, and a very good agreement can be seen. In the presentmethod
the assumption of axial displacement mode is not necessary as in
the case of the Rayleigh–Ritz and the � nite elementmethods,which
is a major advantage as it is not possible to assume a compatible
axial displacement mode in the case of the spring-hingedcolumns.
The assumed distributions for u are sin 2¼x for the pinned–pinned
columns and sin4¼x for the clamped–clamped columns. The dif-
� culty can be understood in assuming u distribution for a spring-
hinged columnswith speci� c nonzerovaluesof the rotationalspring
stiffness parameters°1 and °2. Figure 2 shows the plots of ¸cr and c
of Eq. (41) for symmetric springs (°1 D °2 D ° / with various values
of spring stiffness parameter ° . Figure 3 presents the plots of ¸cr

and c for °1 D 0:0 and 10.0 and °2 varying between 10¡1–105 . A
close agreement of the values of c and ¸cr presented in Figs. 2 and 3
with those obtained by the � nite element method is seen.

Conclusions
The thermal postbucklingbehavior of uniform columns with end

rotational elastic restraints and lateral displacement suppressed at

Fig. 3 Variation of C and ¸cr with °2 for a given °1.

the ends is studied in this Note using a simple method developed
by the authors recently. The results obtained by the present simple
method match excellently with the versatile � nite element method.
The primary advantage of the present simple method is that an
assumption of the axial displacement, which is essential in the
other methods like the Rayleigh–Ritz method and the � nite element
method, is not necessary, which makes the analysis very simple.
Further, in the present method, to predict the thermal postbuckling
behavior it is suf� cient if one knows the linear thermal buckling
load of the column and the tension developed in the column caused
by large deformations.
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